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We show that baryon-hke operators exist in the TV = 6 superconformal Chern-Simons- 
matter theory constructed by Aharony, Bergman, Jafferis and Maldacena (ABJM). This in- 
volves the introduction of Wilson(or 't Hooft) hues ending on baryon-hke operators and we 
show that the presence of such hues cannot be detected by the fields in the theory. The 
same construction can be used to make magnetic monopoles charged under the diagonal U{1) 
gauge group with arbitrary non-integral charge. If we do not include such monopole config- 
urations in the path integral, the moduli space is known to be given by the symmetric N 
copies of 'C'^/'Lk- However, if we allow for such monopole configurations, the flux quantiza- 
tion conditions change so that we do not have a discrete gauge symmetry and effectively the 
{SU{N) X SU{N))/Z]\r gauge theory remains. We discuss the possibility of the level-rank 
duality of the theory. 



1 Introduction 



In this paper, we are going to discuss baryon-like chiral operators in the superconformal Chern- 
Simons-matter theory constructed in [1](ABJM). This work has obtained greater interest 
because it can be used to describe multiple M2-branes. The possibihty for constructing 
the Lagrangian description for multiple M2-branes with Chern-Simons-matter theories was 
explored in [2]. A concrete description for a pair of M2-branes has been obtained in [3-6]. 
ABJM generalize the theory to an arbitrary number of M2-branes. In their description, the 
level k of the Chern-Simons action is related to the orbifolding of the transverse space C^/Z^. 
For general k, the orbifold procedure leaves only Af — 6 supcrsymmctry and we cannot see 
A/* = 8 for level k — 1,2 manifestly. Various aspects of this theory were explored in subsequent 
papers and a partial list of them is [7-34] . 

ABJM presented various chiral operators. Since we have a U (1) factor in the U (N) x U{N) 
gauge group that couples to the matter fields, naively an operator with nonzero U{1) charge 
is not allowed. However, they showed that an operator of the schematic form C"'^ in the n/c'th 
symmetric product of the 4 representation of the SU{4:)r R-symmetry, where C denotes the 
bosonic matter fields, can be attached to the end of a Wilson(or 't Hooft) line so that the 
resulting operator becomes gauge- invariant. Usually, the introduction of a Wilson line can be 
detected by the fields in the theory and makes the operator non-local. But in this special case 
with the Chern-Simons action, any fields in the theory cannot detect the Wilson line and the 
chiral operator C"'' with the Wilson hne is a good local operator. 

In the SU{N) x SU{N) theory, we can also make a baryon-hke operator whose schematic 
form is det(C). In the U{N) x U{N) theory, this operator is not gauge-invariant. To make it 
gauge- invariant, we attach a Wilson line with suitable U{1) charge to the operator analogously 
to what happens to the operator C"'^. We will show that the Wilson line cannot be detected 
by any fields in the theory. This is possible because of the special assignment of levels {k 
and —k). The argument actually shows that we can place a magnetic monopole charged 
under the diagonal U{1) with non- integral charge. If we choose to include such configurations 
in the path integral, the flux quantization conditions change and we effectively have the 
{SU{N) X SU{N))/Zn theory without discrete gauge symmetry in the conformal phase in 
which the gauge group in unbroken. In this case, the moduli space is different from the 
symmetric N copies of C^/Z^. Therefore, we have to consider U{N) x U{N) gauge theory 
with only integral magnetic charges to obtain the correct moduli space for N M2-branes. 
However, to avoid confusion, let us here stress that the baryon-like operator we analyzed is 
allowed even in the theory with only integral magnetic charges. That is, the existence of such 
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baryon-like operators does not depend on which flux quantization condition we choose. 

The paper is organized as follows. In Section [21 we review the known chiral operators 
in the Af = 6 superconformal Chern- Simons- matter theory of ABJM and construct baryon- 
like operators by attaching appropriate Wilson lines. In Section [31 we consider the flux 
quantization conditions and show that we have the {SU{N) x SU{N))/Z,n gauge theory 
without discrete gauge symmetry if we allow for non-integral diagonal monopoles. In Section 
[H, we discuss the result and speculate about a duality of the theory by which the level k 
and the rank are exchanged. In Appendix [Xj we calculate the scaling dimensions and the 
SU{A)^ representations of the operators and det(C) in the supergravity side and confirm 
they agree with the field theory expectation. 

2 Baryon-like chiral operators 

In this section, we will show how baryon-like operators arise in the A/" = 6 superconformal 
Chern-Simons-matter theory of ABJM. But first, let us list various chiral operators found 
in [1]. 

2.1 Chiral operators 

The theory has four bosonic matter fields Cj in the 4 representation of the SU{A)j^ R- 
symmetry. They are also in the (N, N) representation of the U{N) x U{N) gauge group. 
There are two gauge fields yl(i) and ^4(2) and the fields Cj have the covariant derivative 

D^Ci = d^Ci + t{A^i)^Ci - CM(2)^) . (2.1) 

Especially, the U{1) factor in each gauge group couples to Cj via the term i(a(i)^ — a(2)^)C/ 
where a(j) = -^Try4(j) is the trace part of the gauge field A(^iy Let U{l)i be the diagonal U{1) 
subgroup of U{N) x U{N) and U{l)b the anti-diagonal one. That is, U{l)i is associated to 
the gauge field = a(i) + a(2) and U{l)b to af, = a(i) — a(2). Note that the matter fields are 
charged only under aj, and not a^. 

One class of operators has the schematic form Tr((C/Cj)'). They are in the (/, 0, /) repre- 
sentation of SU{4:)fi using the Dynkin labels. In other words, they are in the Vth symmetric 
product of 4 and 4, respectively, with trace parts subtracted. They do not carry U{l)i, charge. 

Another class of chiral operators is written schematically as C"''^(or C'^"'^). They are in the 
nfc'th symmetric product of the 4 representation, or in [nk, 0, 0) of SU{A)ji. An operator in 
this class in itself is not gauge- invariant, but we can attach a Wilson line to it. That is, we put 
one end of a Wilson line to the operator and the other end goes to infinity. The relevant Wilson 
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Figure 1: 't Hooft loop C 



line is in the (Sym(N'^'^), Sym(N )) representation. In three dimensions, a Wilson line in 
some representation is equivalent to an 't Hooft line [35] and, for this (Sym(N" ), Sym(N )) 
representation, the corresponding 't Hooft line is not observable by any fields in the theory [36]. 

In addition to this, we can also consider a baryon-like chiral operator of the form det(C). 
It carries units of U{l)b charge and to compensate for this, we need to attach a Wilson 
line with U{l)b charge to it. Below we will review the attachment of Wilson lines in more 
detail and see that a Wilson line attached to a baryon-like operator cannot be detected by 
any fields in the theory. 

2.2 Wilson lines in three dimensions 

Before considering the product gauge group U{N) x U(N), let us review the relation between 
a Wilson loop and an 't Hooft loop in three dimensions in the Abelian and SU{N) gauge 
groups. 

In three dimensions, an 't Hooft loop is equivalent to a Wilson loop in the presence of the 
Chern-S,mo„s action |350 As a simple example, let us consider the Abelian U{1) Chern- 
Simons theory. It is given by 

k f 

S = — aAda. (2.2) 

471 J 

Consider a closed loop C and perform a gauge transformation A(0) = a0 near the curve 
C. a is a constant and (p is the angular variable winding the loop. It creates a magnetic flux 

^There is a Wilson loop that does not correspond to any 't Hooft loop. 
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Figure 2: Interference of a particle due to the magnetic flux through the curve C 



tube along the loop C with total magnetic flux 27ra. Call such a procedure Tq,[C]. It is an 't 
Hooft loop [37]. Let 5 be a (any) surface bounded by C(See Figure [1]). The angular variable 
has value 0(or 27r) on the surface B. Such gauge transformation a ^ a + dA changes the 
action (Q: 



So the insertion of this operator [C] is equivalent to the insertion of the Wilson loop [C] 



to the action. 

How can we detect the presence of the operator Tcj[C] (or equivalently VFa[C])? One way 
is to measure the interference due to the Aharonov-Bohm effect. Consider two paths of a 
particle of charge q under U{1) above and below the curve C as shown in Figured 

The difference of the phase of the wave function due to the magnetic flux through the 
curve C is q ^ A = q f dA = 2Tiqa. That means the following. If we search the 't Hooft 
operator TjyC] using a particle of charge q = +1, we cannot detect Ta[C] if a is an integer. 
But if we use a particle of charge q = +2 instead, rQ[C] with half integral a will still not be 
detected. Put differently, whenever the gauge transformation A(0) at = 27r leaves invariant 
the particle we use to detect the loop, Ta[C] is unobservable. 

The analysis can be extended to non-Abelian gauge theories also, as was done in [35,36]. 
The final result is as follows. Consider the SU{N) gauge theory in which all fields are invariant 
under the center of SU{N). Let T[C] be a prescription related to a curve C such that the 
gauge transformation around the curve C is given by 




(2.3) 



•c 



a 



(2.4) 



g{(f)) = exp{i4>H) , 



(2.5) 
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where (j) is the angular variable around the curve C and H = diag(;^, j^, - ■ ■ ? tv' Iv ~ 
Then it can be shown that for k = 1, T[C] = Wf>}[C], where H^NfC] is the Wilson-loop in the 
fundamental N representation. For k > 1, T[C] = Wsym(N*:)[C], where W^sym(N'=)[C*] is the 
Wilson-loop in the /c'th symmetric product of the N representation. 

It looks as if T[C] is a local operator since all fields in the theory are assumed to be invariant 
under the center of the gauge group. However, since T[C] is equivalent to W^sym(Nfe)[C*]) which 
is sensitive to the center, an 't Hooft loop can be detected by another 't Hooft loop. So the 
proper interpretation is that an 't Hooft line (not a loop) with one end at some point and the 
other at infinity defines an anyon at that point [36]. This will be different from the theory 
with the product gauge group we are interested in, as will be shown in the next section. 

2.3 Baryon-like operators with Wilson lines 

Here we will consider an operator of the form det(C) in the ABJM theory. More precisely, 
this operator has the form 

ei,.,^e^i -^-C;^ . •■•C;-. , (2.6) 

where is for 4 of SU{A)r, ia for N of one U{N) and ja for N of another U{N). Note that 
the two epsilon tensors ensure that all flavor indices are symmetrized. This operator carries 
units of U{l)b charge. To compensate for this, we have to attach the following Wilson line 
to the operator at the point x. 

W[C] = e'^ = e'^ Xr(«(i)-'^(2)) ^ (2.7) 

where ab = a(i) — a(2) is the Abelian part of the gauge fields, as defined in Section 12.11 Ex- 
tending the argument of Section to the product gauge group, this Wilson line is equivalent 



to an 't Hooft line around which the gauge transformation is given bj 

(ei'^,et<^) e U{N) X U{N) . (2.8) 



Note that the matter fields C7-(and their fermionic partners) are insensitive to the presence 
of the Wilson line since they are invariant under the gauge transformation (e^,e^) G 
U{N) X U{N). Actually, the same argument can be used to say that we can have a Wilson 
line with arbitrary U{l)b charge at the end of it and the line still cannot be detected by the 



^To be precise, we have to average over all possible gauge transformations of (|2.5p to define a gauge- 
invariant operator since ()2.5p chooses a preferred direction determined by H. 

■^Unlike the Abelian example in Section [221 the level for the Abelian part is Nk since the Abelian part of 
the gauge field is a(,j) = -^Tr^j-j). 
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Figure 3: 't Hooft loop winding around another 't Hooft loop 



matter fields. This Wilson line is equivalent to an 't Hooft line, which in turn can be thought 
of as a monopolcl magnetically charged under U{l)i [38-40]. 

We can also directly show that the Wilson line fl2.7p defines a local operator. It will be 
local if the integration from x to oo in (12. 7p does not depend on the path. Then it is enough 
to check 

e^^^"' = 1 , (2.9) 

for any closed path. But the Abelian part of the Chern-Simons action is proportional to 
J daf) A and this is the only place where appears. Therefore, the equation of motion for 
sets dab to zero and this implies ^ a?, = for any closed patljf|. Therefore we again conclude 
that (12. 7p defines a local operator. 

As stated at the end of Section 12. 2[ an 't Hooft loop winding around another 't Hooft 
loop obtains a non-trivial phase in the SU{N){ot U{N)) gauge theory. However, in the 
U{N) X U{N) theory considered here, the operators defined by the end points of such 't 



"^We call it a monopole despite the fact that it is localized in both space and time in three dimensions. 
Note that the signature of the spacetime is not important in this case since the monopole configuration only 
involves the gauge fields, which does not have kinetic terms. 

^Of course, dai, = does not directly imply f ab = 0. This will not be true if we have a monopole field 
configuration with magnetic U{l)b charge. This is equivalent to a Wilson line in a representation of t/(l)b- 
However, in such a configuration, there is a magnetic flux coming out of the monopole so that dai, = cannot 
be satisfied. Therefore, the only configurations that contribute to the path integral are those without U{l)b 
monopoles. In that case, dab — does imply f ab — 0. Instead of monopoles, there can be an infinitely 
extended vortex line charged under U{l)b- That is, around the vortex line we perform a gauge transformation 
(e"""^, e"""*^) G U{N) X U{N). This is equivalent to an infinite Wilson line in a representation of U{l)i. If m 
is an integer, integrating ab around the line gives § ab = 27rrn. Hence e^^"" = 1, and again the expectation 
value of the Wilson line does not change. Of course, we can have a vortex line with non-integral m and, 
in that case, our Wilson line can give a different expectation value as it crosses the vortex line. However, 
such a vortex line is not a field configuration that we include in the path integral and it is fine to have two 
non-local external objects in three dimensional spacetime just as the fractional statistics of anyons. The same 
conclusion can be made for an infinitely extended(or circular) Wilson loop with U{l)i charge. 
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Hooft lines do not see each other's 't Hooft hne. To see this, let's wind an 't Hooft loop with 
gauge transformation {g{(j)), g{(j))) around another 't Hooft loop with the same gauge transfor- 
mation but extending as a straight line (see Figure E])- g{4>) for each U (N) is as defined in (I2.5p . 
Treating the winding 't Hooft loop as a Wilson loop in the (Sym(N ), Sym(N )) representa- 
tion, we see that the Wilson loop will pick up a phase {g{2TT)^, g{2TT)^) = (e^'^'^*/^, e^'^'^*/^) G 
U{N) X U{N). That is, the Wilson loop W[C] becomes g{2'K)^W[C]g{2TTy'' = W[C]. It is 
invariant. In the same way, any Wilson line attached to any operator we considered so far 
does not give a nontrivial phase to a Wilson loop surrounding the line. Therefore, we con- 
clude that all chiral operators considered in [1] can be defined in such a way that the Wilson 
lines(or 't Hooft lines) attached to them cannot be detected by other such operators, nor by 
the matter fields. 



3 Flux quantization conditions 

In the previous section, we see that we can have a monopole charged under U{l)i with arbi- 
trary charge ^. In the computation of the moduli space, we can either include such monopole 
configurations or not in the path integral. This amounts to the choice of the gauge group. If 
we choose the gauge group to be U{N) x U (N) without any identification of the center of the 
group, monopoles charged under U{l)i can have only integral charges. However, if we identify 
elements related by the diagonal U{l)i in the gauge group, such monopoles are allowed. In 
this case, the more precise gauge group is {U{N) x U{N))/U{l)i^. Below, we will consider the 
theory with this gauge group. 

First, let us focus on the conformal phase in which the gauge group is unbroken. The 
Chern-Simons action has the Abelian parts 

Nk f Nk f 

Scs = / («(i) A (ia(i) - a(2) A da^2)) = ^ / Ofe A da^ . (3.1) 

Since this is the only place where fi = da^ appears, we can introduce a dual variable t{x) 
and add to the action [1,41,42] 



The equation of motion of fi^^^ gives = ^d^r. A Wilson line carrying q units of U{l)b 
charge is equivalent to an 't Hooft line which gives the gauge transformation (e*^**^, e^^'^) G 
U{N) X U{N) around the line. Note that this gauge transformation is related to the U{l)i 



'But the baryon-like operators are allowed even when only integrally-charged monopoles are allowed. 
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group. Since q can have an arbitrary value, the magnetic flux of U{l)i that comes out of the 
end of the 't Hooft line can be arbitrary. That is, J fi is not restricted to an integer value. 
Therefore, once we gauge-fix r to 0, there is no remaining discrete gauge symmetry. In other 
words, we have effectively the {SU{N) x SU{N)) /Ijjq gauge theory. 



Now let us consider the moduli space in the Coulomb phast J taking into account the 
diagonal monopoles with non-integral magnetic charge. When the gauge group is broken to 
U{1)^ X f/(l)^, for each = dA^^ where z = 1, ■ • ■ , A^, we introduce a dual variable Ti{x) 
and add a Lagrange multiplier to the original action and make F^^ instead of as the basic 
variable. Then, we have in the action 

k ^ r 1 ^ r 

^ = --- + I^E / ^'-^^^M + T-E / ^^(^)^''^'^M^^^^A + -- - ■ (3.3) 
i=l i=l 

In the Coulomb phase, we can construct many kinds of monopoles. Each monopole can be 
uniquely determined by its gauge transformation around the Dirac string(or 't Hooft line) to 
which it is attached. One type of monopole has the gauge transformation 

(e^'^^, e'^^) e U{N) X U{N) , (3.4) 

around the Dirac string and T = diag(l, 0, ■ • ■ ,0). The condition to be a good monopole is 
that the gauge transformation at = 2-7? leaves the fields in the theory invariant. Obviously, 
this condition is met for this type of monopole. We can permute the diagonal elements of T 
and get additional — 1 types of monopoles. Also, we have a diagonal monopole whose gauge 
transformation around the Dirac string is still given by (13. 4p but now T = diag(a, ■ • ■ ,a) for 
an arbitrary real number a. 

In the presence of such types of monopoles, the flux $j for the i'th diagonal U through 
a sphere surrounding monopoles is given by 

$i = 27r(ni + a) , (3.5) 

where each rij is an integer and a is the same for all i. The action is defined up to the phase 
2tt. Therefore the set of functions Ti{x) and the set of functions Tj(x) + Aj, where Aj are 
constants, will be identified if 

^ Ai(ni + a) e 2ttZ 

^ ^ (3.6) 

or 2^ Aim + a 2^ Ai G 27rZ , 



'^We assume that, as in [1], the classical moduli space is not modified by the quantum corrections. 
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for any set of integers Ui and a real number a. Since a is real, we have ^ ■ Aj = 0. The first 
summation indicates that Aj G 27rZ. The equation of motion of F^^ in (13. 3p says A^i^ = \d^Ti. 
Then the covariant derivative of the z'th diagonal element Cu of the matter field in the 
Coulomb phase becomes D^Cu = d^Cu + ^Cud^Ti. The gauge transformation Tj — > + Aj 
changes Cu to e'T^^^Cu. Therefore, once we gauge- fix the variables to vanish, there still 
remain discrete gauge transformations e~^'^^"''Ci7 if rij = 0. Call the resulting space A^,^ 
Compared to the space (C^/Zfc)^, where points in C^^ are identified to a point, we have 
only k^~^ points identified to a point in the space A4. That is, a fc-fold identification is 
missing compared to (C^/Zfc)^. More specifically, given a point {pi,---Pn) in C^, let us 
define a function from a set of integers (ni, • • ■ , tin) to a point in C''^: 

P(ni, • ■ • , n^v) = (e'"^"^Pi, • ■ • , e^-i"^^) , (3.7) 

where, for example, e^'^^"^pi means multiplying all four components of pi by the same factor 
g27rini_ fjj-^g^ (C^/Zfc)^ is defined by identifying all P{ni, • ■ ■ , njy), whereas in the space Ai, 
the following k points are different: 

P(0,0,-- - ,0), P(1,0,-- - ,0), ■•■ ,P(A:-1,0,-- - ,0,0) . (3.8) 

Note that P{k, 0, ■ • ■ , 0) is the same point as P(0, • ■ ■ , 0) in C^^, so no gauge transformation 
is needed to identify them. These k points represent the k equivalence classes. Other points 
belong to one of the k equivalence classes and the equivalence class for P{ni,--- ,niy) is 
determined by Yli ^« mod k. 

Note that the space is a /c-fold covering space of (C^/Z^)^. That we end up with the 
space Ai and not (C^/Z^)^ hinges on the existence of the non-integral diagonal monopole, 
which is given by (13. 4p with T = diag(a, ■ ■ ■ , a) and an arbitrary real number a. But we 
do not have to include such non-integral monopoles in the theory. When we perform the 
path integral to calculate correlation functions of the theory, it is perfectly legitimate to 
restrict to configurations of the gauge fields corresponding only to integral monopoles. More 
precisely, we can only consider gauge field configurations with monopoles that are consistent 
with fields in the fundamental representation of each gauge group. That is, the gauge group 
is U{N) X U (N) without identification of the center. In this case, the moduli space will turn 
out to be (C'*/Zfc)^. Since this is the correct moduli space for M2-branes, we conclude that 
we have to include only monopole configurations compatible with fields in the fundamental 
representation for each gauge group. The Wilson hne in (12.71) is still well-defined in this setup 
and therefore the operator of the form det(C) can exist by adding this Wilson line. 

^We implicitly assume the identification by permutation of elements henceforth. 
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4 Summary and discussions about level-rank duality 

In this paper, we show that baryon-hke operators exist in the J\f = 6 superconformal Chern- 
Simons-matter theory of ABJM by adding Wilson hnes with appropriate U{l)b charge. The 
Wilson lines are not observable by any fields or operators in the theory. If we consider only a 
Wilson line with U{l)i, charge from a point extending to infinity, the end of the Wilson line 
describes a monopole magnetically charged under U{l)i. 

The magnetic fiux out of the monopole can have an arbitrary value without harming the 
consistency of the theory since no fields in the theory can detect the Dirac string attached to 
this monopole. However, if we allowed for such monopole configurations in the path integral, 
the moduli space in the Coulomb phase would turn out to be a fc-fold covering space of 
(C^/Zfc)^ and not (C^/Z^)^ itself. Therefore, such configurations would not be allowed in 
the Coulomb phase. But, we may still think of the possibility of including such configurations 
in the conformal phase of the theory. Although we do not know how this can be achieved 
exactly, we would like to point out some interesting consequence assuming this possibility. 

Suppose we allow for non-integral diagonal monopole configurations in the conformal 
phase. More precisely, we include in the path integral all possible gauge field configurations 
with monopoles that are consistent with fields in the theory: bi-fundamentals and adjoints. 
In this case, the gauge group is effectively {SU{N) x SU{N))/Zn- as shown in Section [3] since 
the U{l)b factor of the gauge group does not give a discrete gauge symmetry. For example, for 
the f/(l) X f/(l) gauge theory, U{l)i does not couple to the matter fields from the beginning 
and U{l)h couples, but once the gauge field Ah has been set to vanish, it does not give any 
additional discrete gauge symmetry. Therefore we have a free theory with four matter fields 
without gauge fields. In this case, we have JV = 8 supersymmetry for any k [2,45]. For the 
U{2) xU (2) gauge theory, in the same way, we effectively have the {SU (2) x SU (2))/Z2 gauge 
theory in the conformal phase and we recover = 8 supersymmetry for any k [3-5]. This 
looks interesting because we know that we have enhanced = 8 supersymmetry for any 
U{N) X U{N) theory when A; = 1 or 2. So we suspect that there is some version of level-rank 
duahty in the theory [46]. 

However, there is a subtle point that requires further examination. Note that the U (N) x 
U{N) theory with level k = 1 has four gauge-invariant operators C/ (attached to Wilson lines 
in the (Sym(N ), Sym(N )) representation) and they have the scaling dimension A = 1/2. 
Therefore the unitarity bound is saturated and we have four (complex) free bosonic fields [1]. 
The f/(l) X f/(l) theory with level k is also a free theory with four free bosonic fields. In the 
U{N) X U{N) k = 1 theory, we could have another interacting part which decouples from 
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the free fields Cj. Without knowing the existence of the interacting part, we can only say 
that, by exchanging k and N, some quantities of the two theories are related, but it needs 
more investigation to extend this to the full theory. Nevertheless, it is still interesting to see 
to what extent this correspondence can be checked. In the following, we will consider two 
classes of operators that are related by the exchange of k and N. 

We have one class of operators of the schematic form C'^ and another class of the form 
det(C). C'^ has k units of U{l)b charge and det(C) has units of U{l)b charge. Note 
that the operator det(C) has symmetric SU{4)fi indices. Since C'^ is in the fc'th symmetric 
product of 4's, it is natural for det(C) to be in the A^'th symmetric product of 4's. In 
Appendix lAl we confirm explicitly that the operators C'^ and det(C) are in the fc'th and A^'th 
symmetric product of the 4 representation, respectively, in the supergravity side by quantizing 
the collective coordinates. 

By AdS/CFT duality [47-49], the operator correspondence can also be seen in the string 
theory side. The effective field theory on AdS^ in type IIA is given by the following set of 
equations of motion [1]: 

= 0, dF^^ = 

(4.1) 

*4 *4 F-^ = , M *4 = (N"^ + k^)e^'*'{da + A^) . 

Here F^^ comes from the two form field F2 and comes from dualizing the four-form 
F4 = dA^ — Ai /\ integrated over the 2-cycle CP^, and A^ and A^ are defined by 

A^ = kA'''> + ATA^^ 

The gauge field A^ obtains mass due to the axion, but A-^ remains massless and the current 
associated with A-^ is invariant under the simultaneous exchange of k and N, and A^'^ and A^'^. 
This is consistent with the previous statement since DO-branes are related to the operators of 
the form C'' and D4-branes are related to the operators of the form det(C) [1]. In Appendix 
|A| we compute the scaling dimensions of the operators C'' and det(C) in the supergravity side 
and check that the result accords with the field theory expectation. Note that the exchange 
of and k means exchanging the values of the six-form flux *F4 on CP^ and the two-form 
flux F2 on CP^ in CP^, which are and k respectively. 

DO- and D4-branes in CP^ have an interesting relation. Note that a line is dual to a hy- 
perplane in C^. Given the standard metric of C^, then a CP^ has a one-to-one correspondence 
to a point in CP^. Therefore we can relate a DO-brane and a D4-brane in CP^ in some sense. 
Keeping this in mind, let us suppose that there is an associated string duality that exchanges 
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the space CP^, which consists of hnes in C^, with its dual CP^, which consists of hyperplanes 
in C^. Then k and will be exchanged under duality since, as mentioned above, k is the 
amount of the two form flux F2 and is the amount of the six-form flux *F4, under which 
DO-branes and D4-branes are charged, respectively. We can also argue that the radius of the 
eleventh direction R/k changes to R/N under duality, where R is the radius of curvature. 
Suppose we have a D4-brane wrapped on CP^ in CP^. Using the relation between a point and 
a CP^ in CP^ mentioned above, we will regard it as a DO-brane. Then the tension of the new 
DO-brane T^onew will be ■ Vol(CP^), where is the D4-brane tension. The tension of a 
DO-brane tells us what the radius of the eleventh direction is. That is, the eleventh direction 
in this new setting has the radius -Runcw = l/^DOnew = (^z)4 ■ Vol(CP^))~^. In Appendix [Aj 
we calculate Td4 ■ Vol(CP^). Borrowing the resulcl, 

R 

-Rllnew = • (4.3) 

That is, the radius of the eleventh direction effectively changes from R/k to R/N. 

In this section, we started with the assumption that non-integral diagonal monopole con- 
figurations are allowed when we perform the path integral in the conformal phase. Then we 
speculated about the level-rank duality and provided two clues for this. One is the supersym- 
metry enhancement to A/" = 8 when the level is 1 or 2, or the rank A^ is 1 or 2. The other is 
the relation between the two operators of the form C'^ and det(C). Since the 't Hooft coupling 
A = N/k becomes 1/A, we might be able to see the relation between strong and weak coupling 
field theories, or gravity theories. However, as mentioned above, we assumed the existence 
of non-integral diagonal monopole configurations so this theory is different from the theory 
with only integral monopoles. Also, it is not clear at this point whether the correspondence 
extends to the full theory and it requires further work to clarify this. Nevertheless, it will still 
be interesting to find additional properties of the theory that are related by the exchange of 
the level k and rank A^. 
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Appendix 

A Dimensions and SU{4:)ii representations of the operators det(C) 
and in the supergravity approximation 

As mentioned in Section 4, in the type IIA description, the operator det(C) corresponds to the 
D4-brane wrapped on CP^. Baryons in AdS^ x are constructed in [51,52] and baryon-like 
operators similar to this operator are given in [44]. Here, we will calculate the mass of this 
wrapped D4-brane in the supergravity approximation and relate it to the scaling dimension 
of the corresponding operator in the field theory following [44,51]. The metric we consider in 
type IIA-theory is 

ds^ = —ds\^s, + R^dsl^^- (A.l) 

The AdS^ metric is given by 

, n -dt^ + dx^ + dy"^ + dz^ , . ^, 

A^Ads^ = -2 ' (A-2) 

whose Ricci tensor satisfies [RAds^iiv = —'i{9Ads^)iiv The CP^ metric is the Fubini-Study 
metric 



where the summation runs from 1 to 3 and whose Ricci tensor satisfies (-Rcp3)mn = 8((y'cp3)mn- 
The mass of the D4-brane wrapped over CP^ is given by 

m = Tz54 • Vol(Cp2) , (A.4) 

where T^i^ is the tension of the D4-brane: 

Tn, = {{27ifgsll)-' ■ (A.5) 

We think of CP^ as a three dimensional plane through the origin in C^, which becomes CP'^ 
after projective identification. That is, a typical CP^ in the coordinate system for flA.3l) is the 
hyperplane = 0. Then Vol(CP^) = 7r^/2. The scaling dimension A for the corresponding 
operator is given by A = mR/2 when mR is large. The factor 1/2 is needed to account for 
the factor 1/4 in front of the AdS4^ part of ( lA.ll) . The radius of the eleventh dimension is 
R/k, which becomes gsh in type IIA-theory. Also, Ip = ggl^- The radius R is given by [1] 

R = {2^'K^Nkf% . (A.6) 
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Utilizing all these relations, we obtain A = N/2 up to corrections that are smaller by a factor 
of This is the scaling dimension of det(C) in the field theory side. 

In the same way, we can calculate the scaling dimension of the operator C^. In the gravity 
side, this is a DO-brane which is a point in CP^. The volume of the DO-brane is 1. Then, by 
following the same procedure, we have 

R RlRk 
A = m- = WD02 =^2 = 2' ^^'^^ 

which agrees with the field theory anticipation. 

We can also quantize the collective coordinates of a DO- or D4-brane to see in which 
representation of SU{A)fi each of them is. We closely follow [51]. Let us consider a D4-brane 
first. Since it is a hyperplane in C^, we want to consider the quantum wave state on the 
homogeneous space G/H where G = SU{A) and H = S{U{3) x f/(l)). The state is not an 
ordinary function on G/H, but a section of a line bundle of degree N because the D4-brane 
is charged under the six- form field *F4 and units of *F4 flux penetrate CP'^. A section of 
a line bundle on G/H of degree is a function on the G manifold ip : G ^ C obeying 

^{gh) = ^{g)r{h) , (A.8) 

for g E G and h E H . h ^ r{h) is a homomorphism of H to U{1) and it is given by the product 
of the trivial homomorphism x G SU{3) i-^ 1 G U{1) and the degree A^ homomorphism from 
f/(l) generated by diag(— 1, |, |, |) to U{1). Therefore the section ip is SU{3) invariant and 
transforms with charge A^ under U{1). 

Now let us consider a unitary 4x4 matrix with elements g^ j, i, j = 1, ■ ■ ■ ,4. g^ ■ transform 
as (4, 4) under ^f/(4) x SU{A), and as (4, if © (4, 3)-i under SU{A) x S{U{/i) x f/(l)). The 
superscript is the U{1) charge. To make a section of the line bundle of degree A^, we choose a 
polynomial of degree A^ in the (4, l)-*-. This is the lowest degree polynomial that has charge 
A^, which minimizes the energy. Therefore, the D4-brane wrapped on CP^ transforms in the 
A^'th symmetric product of 4's of SU{'i)ji. 

In the same way, we see that a DO-brane transforms in the A;'th symmetric product of 4's 
of S'f/(4)fl since it is charged under the two form F2, which has the value F2 = kJ on CP^ 
and this determines a line bundle of degree k over CP^. 
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